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Chapter 1

Introduction

GLPK (GNU Linear Programming Kit) is a set of routines written in the ANSI C pro-
gramming language and organized in the form of a callable library. It is intended for
solving linear programming (LP), mixed integer programming (MIP), and other related
problems.

1.1 LP Problem

GLPK assumes the following formulation of linear programming (LP) problem:
minimize (or maximize)
Z = C1Tm41 + C2Tmy2 + .. + CnTmin + Co (1.1)
subject to linear constraints

T1 = 011Tm+1 + A12Tm+2 + - .. + A1nTmn
T2 = 21Tm+1 + 22T m+42 + - .. + A2nTm+n (1.2)

T = Om1Tm+1 T Om2Tm42 + - - + GpnTman

and bounds of variables

h<z1<w
lo <x9 <w
2= =T (1.3)
lmin < Tman < Uman
where: x1,x9,...,x, — auxiliary variables; x,m, 41, Tm+2, - - -, Tmin — structural variables;
Z — objective function; ¢1, ¢, . . . , ¢, — objective coefficients; ¢y — constant term (“shift”)
of the objective function; ai1,ais,...,amn — constraint coefficients; l1,1l2, ..., lmtn —

lower bounds of variables; w1, uo, ..., Um+n — upper bounds of variables.

Auxiliary variables are also called rows, because they correspond to rows of the con-
straint matrix (i.e. a matrix built of the constraint coefficients). Analogously, structural
variables are also called columns, because they correspond to columns of the constraint
matrix.

Bounds of variables can be finite as well as infinite. Besides, lower and upper bounds
can be equal to each other. Thus, the following types of variables are possible:



Bounds of variable Type of variable

—00 < zf < +00  Free (unbounded) variable
I < xp < 400 Variable with lower bound

—00 < xp < ug Variable with upper bound
I, < xp < ug Double-bounded variable
I, = . = uy Fixed variable

Note that the types of variables shown above are applicable to structural as well as to
auxiliary variables.

To solve the LP problem (1.1)—(1.3) is to find such values of all structural and aux-
iliary variables, which:

a) satisfy to all the linear constraints (1.2), and

b) are within their bounds (1.3), and

c) provide a smallest (in the case of minimization) or a largest (in the case of maxi-
mization) value of the objective function (1.1).

For solving LP problems GLPK uses a well known numerical procedure called the
simpler method. The simplex method performs iterations, where on each iteration it
transforms the original system of equaility constraints (1.2) resolving them through dif-
ferent sets of variables to an equivalent system called the simplex table (or sometimes the
simplex tableau), which has the following form:

Z = di(zn)1+ da(zn)o+ ...+ dp(zN)n
(xp)1 = a11(zn)1 + a12(zn)2 + ... + an(zN)n
(QZB)Q :O121($N)1—I—agg(.’L‘N)z-l-...-i-OéQn(xN)n (1.4)

(B)m = ami(zN)1 + ama(zn)2 + ... + amn(ZN)n

where: (zp)1,(zB)2,...,(zB)m — basic variables; (xn)1, (zN)2,. -, (ZN)n — non-basic
variables; dy,ds,...,d, — reduced costs; ai1, @19, ...,qn, — coeflicients of the simplex
table. (May note that the original LP problem (1.1)—(1.3) also has the form of a simplex
table, where all equalities are resolved through auxiliary variables.)

From the linear programming theory it is well known that if an optimal solution of the
LP problem (1.1)—(1.3) exists, it can always be written in the form (1.4), where non-basic
variables are set on their bounds while values of the objective function and basic variables
are determined by the corresponding equalities of the simplex table.

A set of values of all basic and non-basic variables determined by the simplex table is
called basic solution. If all basic variables are within their bounds, the basic solution is
called (primal) feasible, otherwise it is called (primal) infeasible. A feasible basic solution,
which provides a smallest (in case of minimization) or a largest (in case of maximization)
value of the objective function is called optimal. Therefore, for solving LP problem the
simplex method tries to find its optimal basic solution.

Primal feasibility of some basic solution may be stated by simple checking if all basic
variables are within their bounds. Basic solution is optimal if additionally the following
optimality conditions are satisfied for all non-basic variables:

Status of (zn); Minimization Maximization
(xN); is free d; =0 d; =0
(zn); is on its lower bound d; >0 d; <0

(xn); is on its upper bound d; <0 d; >0



In other words, basic solution is optimal if there is no non-basic variable, which changing
in the feasible direction (i.e. increasing if it is free or on its lower bound, or decreasing
if it is free or on its upper bound) can improve (i.e. decrease in case of minimization or
increase in case of maximization) the objective function.

If all non-basic variables satisfy to the optimality conditions shown above (indepen-
dently on whether basic variables are within their bounds or not), the basic solution is
called dual feasible, otherwise it is called dual infeasible.

It may happen that some LP problem has no primal feasible solution due to incorrect
formulation — this means that its constraints conflict with each other. It also may happen
that some LP problem has unbounded solution again due to incorrect formulation — this
means that some non-basic variable can improve the objective function, i.e. the optimality
conditions are violated, and at the same time this variable can infinitely change in the
feasible direction meeting no resistance from basic variables. (May note that in the latter
case the LP problem has no dual feasible solution.)

1.2 MIP Problem

Mized integer linear programming (MIP) problem is LP problem in which some variables
are additionally required to be integer.

GLPK assumes that MIP problem has the same formulation as ordinary (pure) LP
problem (1.1)—(1.3), i.e. includes auxiliary and structural variables, which may have lower
and/or upper bounds. However, in case of MIP problem some variables may be required
to be integer. This additional constraint means that a value of each integer variable must
be only integer number. (Should note that GLPK allows only structural variables to be
of integer kind.)

1.3 Brief Example

In order to understand what GLPK is from the user’s standpoint, consider the following
simple LP problem:
maximize

Z = 10x1 + 65 + 4x3

subject to

1 + x2 + x3 <100
10z +4x9 +5x3 < 600
2x1 +2x9 +623 < 300

where all variables are non-negative
95120, I2207 ZEgZO
At first this LP problem should be transformed to the standard form (1.1)—(1.3). This

can be easily done by introducing auxiliary variables, by one for each original inequality
constraint. Thus, the problem can be reformulated as follows:
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maximize
Z =10z 4 63 + 423

subject to
p= 1+ T2+ X3
q =10x1+4x2+5x3
r = 2x1+2x2+6x3

and bounds of variables

—oo0 < p <100 0<x <+
—o0 < g <600 0< 29 <400
—o0 < r <300 0< 23 <+

where p, ¢, r are auxiliary variables (rows), and x1, x9, x3 are structural variables (columns).

The example C program shown below uses GLPK API routines in order to solve this
LP problem.

/* sample.c */

#include <stdio.h>
#include <stdlib.h>
#include "glpk.h"

int main(void)
{ LPX xlp;
int ia[1+1000], ja[1+1000];
double ar[1+1000], Z, x1, x2, x3;
sl: 1p = 1lpx_create_prob();
s2: 1lpx_set_prob_name(lp, "sample");
s3: lpx_set_obj_dir(lp, LPX_MAX);
s4: 1px_add_rows(lp, 3);

sb5: lpx_set_row_name(lp, 1, "p");
s6: lpx_set_row_bnds(1lp, 1, LPX_UP, 0.0, 100.0);
s7: lpx_set_row_name(lp, 2, "q");
s8: lpx_set_row_bnds(lp, 2, LPX_UP, 0.0, 600.0);
s9: lpx_set_row_name(lp, 3, "r");
s10: 1lpx_set_row_bnds(lp, 3, LPX_UP, 0.0, 300.0);

s11: 1lpx_add_cols(1lp, 3);

s12: 1lpx_set_col_name(lp, 1, "x1");
s13: 1px_set_col_bnds(lp, 1, LPX_LO, 0.0, 0.0);
s14: 1lpx_set_obj_coef(lp, 1, 10.0);
s15: 1px_set_col_name(lp, 2, "x2");
s16: 1lpx_set_col_bnds(lp, 2, LPX_L0O, 0.0, 0.0);
s17: 1px_set_obj_coef(lp, 2, 6.0);
s18: 1lpx_set_col_name(lp, 3, "x3");
s19: 1lpx_set_col_bnds(lp, 3, LPX_LO, 0.0, 0.0);

-

s20: 1lpx_set_obj_coef(lp, 3, 4.0);
s21: ial1] =1, jal1ll = 1, ar[1]
s22: ial2] =1, jal[2] = 2, ar[2]

1.0; /* al1,1]
1.0; /* al[1,2]

1 x/
1 %/
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s23: ial3] =1, jal3] = 3, ar[3] = 1.0; /* a[1,3] = 1 %/
s24: ial4] = 2, jal4] = 1, ar[4] = 10.0; /* a[2,1] = 10 */
s26: ia[b] = 3, jal[b] = 1, ar[b] = 2.0; /* a[3,1] = 2 */
s26: ial6] = 2, jal6] = 2, ar[6] = 4.0; /* al[2,2] = 4 =/
s27: ial7] = 3, jal7] = 2, ar[7] = 2.0; /* a[3,2] = 2 */
s28: ial8] = 2, jal8] = 3, ar[8] = 5.0; /* a[2,3] = 5 */
s29: ial9] = 3, jal9] = 3, ar[9] = 6.0; /* a[3,3] = 6 */

s30: 1lpx_load_matrix(lp, 9, ia, ja, ar);
s31: 1lpx_simplex(1lp);
s32: Z = lpx_get_obj_val(lp);

s33: x1 = lpx_get_col_prim(lp, 1);
s34: x2 = lpx_get_col_prim(lp, 2);
s35: x3 = lpx_get_col_prim(lp, 3);

s36: printf("\nZ = %g; x1 = %g; x2 = %g; x3 = %g\n", Z, x1, x2, x3);
s37: 1lpx_delete_prob(lp);
return O;

/* eof *x/

The statement s1 creates a problem object using the routine 1px_create_prob. Being
created the object is initially empty. The statement s2 assigns a symbolic name to the
problem object.

The statement s3 calls the routine 1lpx_set_obj_dir in order to set the optimization
direction flag, where LPX_MAX means maximization.

The statement s4 adds three rows to the problem object.

The statement s5 assigns the symbolic name ‘p’ to the first row, and the statement s6
sets the type and bounds of the first row, where LPX_UP means that the row has an upper
bound. The statements s7, 8, s9, s10 are used in the same way in order to assign the
symbolic names ‘q” and ‘r’ to the second and third rows and set their types and bounds.

The statement s11 adds three columns to the problem object.

The statement s12 assigns the symbolic name ‘x1’ to the first column, the statement
513 sets the type and bounds of the first column, where LPX_L0 means that the column has
an lower bound, and the statement s14 sets the objective coefficient for the first column.
The statements s15—s20 are used in the same way in order to assign the symbolic names
‘x2" and ‘x3’ to the second and third columns and set their types, bounds, and objective
coeflicients.

The statements s21—s29 prepare non-zero elements of the constraint matrix (i.e.
constraint coefficients). Row indices of each element are stored in the array ia, column
indices are stored in the array ja, and numerical values of corresponding elements are
stored in the array ar. Then the statement s30 calls the routine 1px_load_matrix, which
loads information from these three arrays into the problem object.

Now all data have been entered into the problem object, and therefore the statement
s31 calls the routine 1px_simplex, which is a driver to the simplex method, in order
to solve the LP problem. This routine finds an optimal solution and stores all relevant
information back into the problem object.

The statement s32 obtains a computed value of the objective function, and the state-
ments s33—s35 obtain computed values of structural variables (columns), which corre-
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spond to the optimal basic solution found by the solver.
The statement s36 prints the optimal solution to the standard output. The printout

may look like follows:
Z = 733.333; x1 = 33.3333; x2 = 66.6667; x3 = 0

Finally, the statement s37 calls the routine lpx_delete_prob, which frees all the
memory allocated to the problem object.



Chapter 2

API Routines

This chapter describes GLPK API routines intended for using in application programs.

Error handling If some GLPK API routine detects erroneous or incorrect data passed
by the application program, it sends appropriate diagnostic messages to the standard
output and then abnormally terminates the application program. In most practical cases
this allows to simplify programming avoiding numerous checks of return codes. Thus,
in order to prevent crashing the application program should check all data, which are
suspected to be incorrect, before calling GLPK API routines.

Should note that this kind of error handling is used only in cases of incorrect data
passed by the application program. If, for example, the application program calls some
GLPK API routine to read data from an input file and these data are incorrect, the GLPK
API routine reports about error in the usual way by means of return code.

Thread safety Currently GLPK API routines are non-reentrant and therefore cannot
be used in multi-thread programs.

Array indexing Normally all GLPK routines start array indexing from 1, not from 0
(except the specially stipulated cases). This means, for example, if some vector z of the
length n is passed as an array to some GLPK routine, the latter expects vector components
to be placed in locations x[1], x[2], ..., x[n], and the location x[0] normally is not
used.

In order to avoid indexing errors it is most convenient and most reliable to declare the
array x as follows:

double x[1+n];
or to allocate it as follows:
double *x;
% ; éalloc(1+n, sizeof (double));

In both cases one extra location x[0] is reserved that allows passing this array to GLPK
routines in a usual way.

13
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Using GLPK routines in C++4 programs If you need to use GLPK routines in
C++ programs, use the following construction:

extern "C" {
#include "glpk.h"
X

2.1 Problem object

GLPK API routines deal with so called problem objects, which are program objects of type
LPX intended to represent particular LP and MIP problem instances.
The type LPX is a data structure declared in the header file glpk.h as follows:

typedef struct { ... } LPX;

Problem objects (i.e. program objects of the LPX type) are allocated and managed
internally by the GLPK API routines. The application program should never use any
members of the LPX structure directly and should deal only with pointers to these objects
(that is, LPX * values).

Each problem object consists of four logical segments, which are:

e problem segment,

e basis segment,

e interior point segment,

e MIP segment, and

e control parameters and statistics segment.

Problem segment The problem segment contains original LP/MIP data, which corre-
sponds to the problem formulation (1.1)—(1.3) (see Section 1.1, page 7):

e rows (auxiliary variables),

e columns (structural variables),

e objective function, and

e constraint matrix.

Rows and columns have the same set of the following attributes:

e ordinal number,

e symbolic name (1 up to 255 arbitrary graphic characters),

e type (free, lower bound, upper bound, double bound, fixed),

e numerical values of lower and upper bounds,

e scale factor.

Ordinal numbers are intended for referencing rows and columns. Row ordinal numbers
are integers 1,2, ..., m, and column ordinal numbers are integers 1,2, ...,n, where m and
n are, respectively, the current number of rows and columns in the problem object.

Symbolic names are intended only for informational purposes. They cannot be used
for referencing rows and columns.

Types and bounds of rows (auxiliary variables) and columns (structural variables) are
explained above (see Section 1.1, page 7).

Scale factors are used internally for scaling corresponding rows and columns of the
constraint matrix.
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Information about the objective function includes numerical values of objective coef-
ficients and a flag, which defines the optimization direction (i.e. minimization or maxi-
mization).

The constraint matriz is a m x n rectangular matrix built of constraint coefficients a;;,
which defines the system of linear constraints (1.2) (see Section 1.1, page 7). This matrix
is stored in the problem object in both row-wise and column-wise sparse formats.

Once the problem object has been created, the application program can access and
modify any components of the problem segment in arbitrary order.

Basis segment The basis segment of the problem object keeps information related to a
current basic solution. This information includes:

e row and column statuses,

e basic solution statuses,

e factorization of the current basis matrix, and

e basic solution components.

The row and column statuses define which rows and columns are basic and which are
non-basic. These statuses may be assigned either by the application program of by some
API routines. Note that these statuses are always defined independently on whether the
corresponding basis is valid or not.

The basic solution statuses include the primal status and the dual status, which are set
by the simplex-based solver once the problem has been solved. The primal status shows
whether a primal basic solution is feasible, infeasible, or undefined. The dual status shows
the same for a dual basic solution.

The factorization of the basis matriz is some factorized form (like LU-factorization) of
the current basis matrix (defined by the current row and column statuses). The factoriza-
tion is used by the simplex-based solver and kept when the solver terminates the search.
This feature allows efficiently reoptimizing the problem after some modifications (for ex-
ample, after changing some bounds or objective coefficients). It also allows performing a
post-optimal analysis (for example, computing components of the simplex table, etc.).

The basic solution components include primal and dual values of all auxiliary and
structural variables for the most recently obtained basic solution.

Interior point segment The interior point segment is automatically allocated after the
problem has been solved using the interior point solver. It contains interior point solution
components, which include the solution status, and primal and dual values of all auxiliary
and structural variables.

MIP segment The MIP segment is used only for MIP problems. This segment includes:

e column kinds,

e MIP solution status, and

e MIP solution components.

The column kinds define which columns (i.e. structural variables) are integer and
which are continuous.

The MIP solution status is set by the MIP solver and shows whether a MIP solution
is integer optimal, integer feasible (non-optimal), or undefined.

The MIP solution components are computed by the MIP solver and includes primal
values of all auxiliary and structural variables for the most recently obtained MIP solution.
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Note that in the case of MIP problem the basis segment corresponds to an optimal
solution of LP relaxation, which is also available to the application program.

Currently the search tree is not kept in the MIP segment. Therefore if the search has
been terminated, it cannot be continued.

Control parameters and statistics segment This segment contains a fixed set of
parameters, where each parameter has the following three attributes:

e code,

e type, and

e current value.

The parameter code is intended for referencing a particular parameter. All the param-
eter codes have symbolic names, which are macros defined in the header file glpk.h. Note
that the parameter codes are distinct positive integers.

The parameter type can be integer, real (floating-point), and text (character string).

The parameter value is its current value kept in the problem object. Initially (after
the problem object has been created) all parameters are assigned some default values.

Parameters are intended for several purposes. Some of them, which are called control
parameters, affect the behavior of API routines (for example, the parameter LPX_K_ITLIM
limits maximal number of simplex iterations available to the solver). Others, which are
called statistics, just represent some additional information about the problem object (for
example, the parameter LPX_K_ITCNT shows how many simplex iterations were performed
for a particular problem object).
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2.2 Problem creating and modifying routines

2.2.1 1lpx_create_prob — create problem object
Synopsis

#include "glpk.h"

LPX *1px_create_prob(void);

Description The routine 1lpx_create_prob creates a new problem object, which is
“empty”, i.e. has no rows and no columns.

Returns The routine returns a pointer to the created object, which should be used in
any subsequent operations on this object.

2.2.2 1lpx_set_prob_name — assign (change) problem name
Synopsis

#include "glpk.h"
void lpx_set_prob_name(LPX *1lp, char *name);

Description The routine 1px_set_prob_name assigns a given symbolic name (1 up to
255 characters) to the specified problem object.

If the parameter name is NULL or empty string, the routine erases an existing symbolic
name of the problem object.

2.2.3 1px_set_obj name — assign (change) objective function name
Synopsis

#include "glpk.h"
void lpx_set_obj_name(LPX *1lp, char *name);

Description The routine lpx_set_obj_name assigns a given symbolic name (1 up to
255 characters) to the objective function of the specified problem object.

If the parameter name is NULL or empty string, the routine erases an existing symbolic
name of the objective function.

2.2.4 1lpx_set_obj_dir — set (change) optimization direction flag
Synopsis

#include "glpk.h"
void lpx_set_obj_dir(LPX *1p, int dir);
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Description The routine 1px_set_obj_dir sets (changes) the optimization direction
flag (i.e. “sense” of the objective function) as specified by the parameter dir:

LPX_MIN minimization;

LPX_MAX maximization.

2.2.5 1px_add rows — add new rows to problem object

Synopsis

#include "glpk.h"
int lpx_add_rows(LPX *1lp, int nrs);

Description The routine 1px_add_rows adds nrs rows (constraints) to the specified
problem object. New rows are always added to the end of the row list, so the ordinal
numbers of existing rows are not changed.

Being added each new row is initially free (unbounded) and has empty list of the
constraint coefficients.

Returns The routine lpx_add_rows returns the ordinal number of the first new row
added to the problem object.

2.2.6 1lpx_add cols — add new columns to problem object

Synopsis

#include "glpk.h"
int lpx_add_cols(LPX *1p, int ncs);

Description The routine 1px_add_cols adds ncs columns (structural variables) to the
specified problem object. New columns are always added to the end of the column list, so
the ordinal numbers of existing columns are not changed.

Being added each new column is initially fixed at zero and has empty list of the
constraint coefficients.

Returns The routine 1px_add_cols returns the ordinal number of the first new column
added to the problem object.

2.2.7 1lpx_set_row name — assign (change) row name

Synopsis

#include "glpk.h"
void lpx_set_row_name(LPX *lp, int i, char *name);
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Description The routine 1lpx_set_row_name assigns a given symbolic name (1 up to
255 characters) to i-th row (auxiliary variable) of the specified problem object.

If the parameter name is NULL or empty string, the routine erases an existing name of
t-th row.

2.2.8 1lpx_set_col name — assign (change) column name
Synopsis

#include "glpk.h"
void lpx_set_col_name(LPX *lp, int j, char *name);

Description The routine 1px_set_col_name assigns a given symbolic name (1 up to
255 characters) to j-th column (structural variable) of the specified problem object.

If the parameter name is NULL or empty string, the routine erases an existing name of
j-th column.

2.2.9 1lpx_set_row bnds — set (change) row bounds
Synopsis

#include "glpk.h"
void lpx_set_row_bnds(LPX *lp, int i, int type, double 1lb, double ub);

Description The routine 1px_set_row_bnds sets (changes) the type and bounds of i-th
row (auxiliary variable) of the specified problem object.

The parameters type, 1b, and ub specify the type, lower bound, and upper bound,
respectively, as follows:

Type Bounds Comment
LPX_FR —oo <z <400 Free (unbounded) variable
LPX_LO Ib<x < +oco Variable with lower bound
LPX_UP —oo <z < ub Variable with upper bound
LPX_DB b<z<ub Double-bounded variable
LPX_FX Ib=x=ub Fixed variable

where z is the auxiliary variable associated with i-th row.

If the row has no lower bound, the parameter 1b is ignored. If the row has no upper
bound, the parameter ub is ignored. If the row is an equality constraint (i.e. the cor-
responding auxiliary variable is of fixed type), only the parameter 1b is used while the
parameter ub is ignored.

2.2.10 1lpx_set_col bnds — set (change) column bounds
Synopsis

#include "glpk.h"
void lpx_set_col_bnds(LPX *1lp, int j, int type, double 1lb, double ub);
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Description The routine 1px_set_col_bnds sets (changes) the type and bounds of j-th
column (structural variable) of the specified problem object.

The parameters type, 1b, and ub specify the type, lower bound, and upper bound,
respectively, as follows:

Type Bounds Comment
LPX_FR —oo < z < +oo Free (unbounded) variable
LPX_LO b < x < +4+oo Variable with lower bound
LPX_UP —oco<z <ub Variable with upper bound
LPX_DB Ib<z<ub Double-bounded variable
LPX_FX b=z =ub Fixed variable

where x is the structural variable associated with j-th column.

If the column has no lower bound, the parameter 1b is ignored. If the column has
no upper bound, the parameter ub is ignored. If the column is of fixed type, only the
parameter 1b is used while the parameter ub is ignored.

2.2.11 1lpx_set_obj_coef — set (change) objective coefficient or constant
term

Synopsis

#include "glpk.h"
void lpx_set_obj_coef(LPX *1lp, int j, double coef);

Description The routine 1px_set_obj_coef sets (changes) the objective coefficient at
j-th column (structural variable). A new value of the objective coefficient is specified by
the parameter coef.

If the parameter j is 0, the routine sets (changes) the constant term (“shift”) of the
objective function.

2.2.12 1lpx_set mat row — set (replace) row of the constraint matrix
Synopsis

#include "glpk.h"
void lpx_set_mat_row(LPX *1p, int i, int len, int ind[], double val[]);

Description The routine 1px_set_mat_row stores (replaces) the contents of i-th row
of the constraint matrix of the specified problem object.

Column indices and numerical values of new row elements must be placed in locations
ind[1], ..., ind[len] and val[1], ..., val[len], respectively, where 0 < len < n is the
new length of i-th row, n is the current number of columns in the problem object. Note
that zero elements as well as elements with identical column indices are not allowed.

If the parameter len is 0, the parameters ind and/or val can be specified as NULL.
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2.2.13 1px_set mat_col — set (replace) column of the constraint matrix
Synopsis

#include "glpk.h"
void lpx_set_mat_col(LPX *1p, int j, int len, int ind[], double val[l);

Description The routine 1px_set_mat_col stores (replaces) the contents of j-th col-
umn of the constraint matrix of the specified problem object.

Row indices and numerical values of new column elements must be placed in locations
ind[1], ..., ind[len] and val[1], ..., val[len], respectively, where 0 < len < m is
the new length of j-th column, m is the current number of rows in the problem object.
Note that zero elements as well as elements with identical row indices are not allowed.

If the parameter len is 0, the parameters ind and/or val can be specified as NULL.

2.2.14 1lpx_load matrix — load (replace) the whole constraint matrix
Synopsis

#include "glpk.h"
void lpx_load_matrix(LPX *lp, int ne, int ia[], int ja[], double ar[]);

Description The routine 1px_load_matrix loads the constraint matrix passed in the
arrays ia, ja, and ar into the specified problem object. Before loading the current contents
of the constraint matrix is destroyed.

Constraint coefficients (elements of the constraint matrix) must be specified as triplets
(ialk], jalk]l, ar[k]) for £ = 1,...,ne, where ia[k] is the row index, ja[k] is the
column index, and ar[k] is a numeric value of corresponding constraint coefficient. The
parameter ne specifies the total number of (non-zero) elements in the matrix to be loaded.
Note that coefficients with identical indices as well as zero coefficients are not allowed.

If the parameter ne is 0, the parameters ia, ja, and/or ar can be specified as NULL.

2.2.15 1lpx_del _rows — delete rows from problem object
Synopsis

#include "glpk.h"
void lpx_del_rows(LPX *lp, int nrs, int num[]);

Description The routine 1px_del_rows deletes specified rows from a problem object,
which the parameter 1p points to. Ordinal numbers of rows to be deleted must be placed
in locations num[1], ..., num[nrs], where nrs > 0.

Note that deleting rows involves changing ordinal numbers of other rows remaining
in the problem object. New ordinal numbers of the remaining rows are assigned under
the assumption that the original order of rows is not changed. Let, for example, before
deletion there be five rows a, b, ¢, d, e with ordinal numbers 1, 2, 3, 4, 5, and let rows b
and d have been deleted. Then after deletion the remaining rows a, ¢, e are assigned new
oridinal numbers 1, 2, 3.




22

2.2.16 1lpx del cols — delete columns from problem object
Synopsis

#include "glpk.h"
void lpx_del_cols(LPX *lp, int ncs, int num[]);

Description The routine 1px_del_cols deletes specified columns from a problem ob-
ject, which the parameter 1p points to. Ordinal numbers of columns to be deleted must
be placed in locations num[1], ..., num[ncs], where ncs > 0.

Note that deleting columns involves changing ordinal numbers of other columns re-
maining in the problem object. New ordinal numbers of the remaining columns are as-
signed under the assumption that the original order of columns is not changed. Let, for
example, before deletion there be six columns p, q, r, s, t, u with ordinal numbers 1, 2,
3, 4, 5, 6, and let columns p, ¢, s have been deleted. Then after deletion the remaining
columns r, t, u are assigned new ordinal numbers 1, 2, 3.

2.2.17 1lpx._delete_prob — delete problem object
Synopsis

#include "glpk.h"

void lpx_delete_prob(LPX *1lp);

Description The routine 1px_delete_prob deletes a problem object, which the param-
eter 1p points to, freeing all the memory allocated to this object.




23

2.3 Problem retrieving routines

2.3.1 1lpx_get_prob_name — retrieve problem name
Synopsis

#include "glpk.h"

char *1lpx_get_prob_name(LPX *1p);

Returns The routine 1px_get_prob_name returns a pointer to an internal buffer, which
contains symbolic name of the problem. However, if the problem has no assigned name,
the routine returns NULL.

2.3.2 1px_get_obj_name — retrieve objective function name
Synopsis

#include "glpk.h"

char *1px_get_obj_name(LPX *1p);

Returns The routine 1px_get_obj_name returns a pointer to an internal buffer, which
contains symbolic name assigned to the objective function. However, if the objective
function has no assigned name, the routine returns NULL.

2.3.3 1px._get_obj.dir — retrieve optimization direction flag
Synopsis

#include "glpk.h"
int 1lpx_get_obj_dir(LPX *1p);

Returns The routine lpx_get_obj_dir returns the optimization direction flag (i.e.
“sense” of the objective function):

LPX_MIN minimization;

LPX_MAX maximization.

2.3.4 1lpx_get num rows — retrieve number of rows
Synopsis

#include "glpk.h"

int lpx_get_num_rows(LPX *1p);

Returns The routine lpx_get_num_rows returns the current number of rows in the
specified problem object.
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2.3.5 1lpx_get num cols — retrieve number of columns
Synopsis

#include "glpk.h"

int lpx_get_num_cols(LPX *1p);

Returns The routine lpx_get_num_cols returns the current number of columns the
specified problem object.

2.3.6 1lpx_get row name — retrieve row name
Synopsis
#include "glpk.h"

char *1lpx_get_row_name(LPX *lp, int i);

Returns The routine 1px_get_row_name returns a pointer to an internal buffer, which
contains a symbolic name assigned to i-th row. However, if the row has no assigned name,
the routine returns NULL.

2.3.7 1lpx_get_col name — retrieve column name
Synopsis
#include "glpk.h"

char *1lpx_get_col_name(LPX *1lp, int j);

Returns The routine 1px_get_col_name returns a pointer to an internal buffer, which
contains a symbolic name assigned to j-th column. However, if the column has no assigned
name, the routine returns NULL.

2.3.8 1lpx_get_row_type — retrieve row type
Synopsis

#include "glpk.h"
int lpx_get_row_type(LPX *1p, int i);

Returns The routine 1px_get_row_type returns the type of i-th row, i.e. the type of
corresponding auxiliary variable, as follows:

LPX_FR free (unbounded) variable;

LPX_LO variable with lower bound;

LPX_UP variable with upper bound;

LPX_DB double-bounded variable;

LPX_FX fixed variable.
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2.3.9 1lpx get row lb — retrieve row lower bound
Synopsis

#include "glpk.h"

double lpx_get_row_lb(LPX *1lp, int i);

Returns The routine lpx_get_row_1b returns the lower bound of i-th row, i.e. the
lower bound of corresponding auxiliary variable. However, if the row has no lower bound,
the routine returns zero.

2.3.10 1lpx_get_row_ub — retrieve row upper bound
Synopsis

#include "glpk.h"

double lpx_get_row_ub(LPX *1lp, int i);

Returns The routine 1px_get_row_ub returns the upper bound of i-th row, i.e. the
upper bound of corresponding auxiliary variable. However, if the row has no upper bound,
the routine returns zero.

2.3.11 1px_get_col_type — retrieve column type
Synopsis

#include "glpk.h"
int 1lpx_get_col_type(LPX *1lp, int j);

Returns The routine 1px_get_col_type returns the type of j-th column, i.e. the type
of corresponding structural variable, as follows:

LPX_FR free (unbounded) variable;

LPX_LO variable with lower bound;

LPX_UP variable with upper bound;

LPX_DB double-bounded variable;

LPX_FX fixed variable.

2.3.12 1px_get_col 1b — retrieve column lower bound
Synopsis

#include "glpk.h"

double lpx_get_col_1b(LPX *1lp, int j);

Returns The routine 1px_get_col_1b returns the lower bound of j-th column, i.e. the
lower bound of corresponding structural variable. However, if the column has no lower
bound, the routine returns zero.
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2.3.13 1lpx_get_col ub — retrieve column upper bound
Synopsis

#include "glpk.h"

double lpx_get_col_ub(LPX *1lp, int j);

Returns The routine 1px_get_col_ub returns the upper bound of j-th column, i.e. the
upper bound of corresponding structural variable. However, if the column has no upper
bound, the routine returns zero.

2.3.14 1px_get_obj_coef — retrieve objective coefficient or constant term
Synopsis

#include "glpk.h"
double lpx_get_obj_coef(LPX *1lp, int j);

Returns The routine 1px_get_obj_coef returns the objective coefficient at j-th struc-
tural variable (column).

If the parameter j is 0, the routine returns the constant term (“shift”) of the objective
function.

2.3.15 1lpx_get_num nz — retrieve number of constraint coefficients
Synopsis

#include "glpk.h"

int lpx_get_num_nz(LPX *1p);

Returns The routine lpx_get_num_nz returns the number of non-zero elements in the
constraint matrix of the specified problem object.

2.3.16 1lpx_get mat row — retrieve row of the constraint matrix
Synopsis

#include "glpk.h"
int lpx_get_mat_row(LPX *lp, int i, int ind[], double valll);

Description The routine 1px_get_mat_row scans (non-zero) elements of i-th row of the
constraint matrix of the specified problem object and stores their column indices and nu-
meric values to locations ind[1], ..., ind[len] and val[1], ..., val[len], respectively,
where 0 < len < n is the number of elements in i-th row, n is the number of columns.

The parameter ind and/or val can be specified as NULL, in which case corresponding
information is not stored.
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Returns The routine lpx_get_mat_row returns the length len, i.e. the number of
(non-zero) elements in i-th row.

2.3.17 1lpx_get mat_col — retrieve column of the constraint matrix
Synopsis

#include "glpk.h"
int lpx_get_mat_col(LPX *lp, int j, int ind[], double valll);

Description The routine 1px_get_mat_col scans (non-zero) elements of j-th column
of the constraint matrix of the specified problem object and stores their row indices and
numeric values to locations ind[1], ..., ind[len] and val[1], ..., val[len], respec-
tively, where 0 < len < m is the number of elements in j-th column, m is the number of
rows.

The parameter ind and/or val can be specified as NULL, in which case corresponding
information is not stored.

Returns The routine lpx_get_mat_col returns the length len, i.e. the number of
(non-zero) elements in j-th column.
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2.4 Problem scaling routines

2.4.1 1px_scale_prob — scale problem data
Synopsis

#include "glpk.h"
void lpx_scale_prob(LPX *1p);

Description The routine 1lpx_scale_prob performs scaling of problem data for the
specified problem object.

The purpose of scaling is to provide such scaling (diagonal) matrices R and S that
the scaled constraint matrix A’ = RAS has better numerical properties than the original
constraint matrix A.

Note that the scaling matrices R and S are used only by the solver. On API level the
scaling is invisible, since all data stored in the problem object are non-scaled.

2.4.2 1lpx_unscale_prob — unscale problem data
Synopsis

#include "glpk.h"
void lpx_unscale_prob(LPX *1p);

The routine 1px_unscale_prob performs unscaling of problem data for the specified
problem object.

“Unscaling” means replacing the current scaling matrices R and S by unity matrices
that cancels the scaling effect.
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2.5 LP basis constructing routines

2.5.1 1px_std_basis — construct standard initial LP basis
Synopsis

#include "glpk.h"
void lpx_std_basis(LPX *1p);

Description The routine 1px_std_basis constructs the “standard” (trivial) initial LP
basis for the specified problem object.

In the “standard” LP basis all auxiliary variables (rows) are basic, and all structural
variables (columns) are non-basic (so the corresponding basis matrix is unity).

2.5.2 1lpx.adv_basis — construct advanced initial LP basis
Synopsis

#include "glpk.h"
void lpx_adv_basis(LPX *1p);

Description The routine lpx_adv_basis build an advanced initial LP basis for the
specified problem object.

In order to construct the advanced initial LP basis the routine does the following:

1) includes in the basis all non-fixed auxiliary variables;

2) includes in the basis as many non-fixed structural variables as possible keeping
triangular form of the basis matrix;

3) includes in the basis appropriate (fixed) auxiliary variables to complete the basis.

As a result the initial LP basis has as few fixed variables as possible and the corre-
sponding basis matrix is triangular.

2.5.3 1lpx_set row stat — set (change) row status
Synopsis

#include "glpk.h"
void lpx_set_row_stat(LPX *1lp, int i, int stat);

Description The routine 1px_set_row_stat sets (changes) the current status of i-th
row (auxiliary variable) as specified by the parameter stat:

LPX_BS make the row basic (make the constraint inactive);

LPX_NL make the row non-basic (make the constraint active);

LPX_NU make the row non-basic and set it to the upper bound; if the row is not
double-bounded, this status is equivalent to LPX_NL (only in the case of this
routine);

LPX_NF the same as LPX_NL (only in the case of this routine);

LPX_NS the same as LPX_NL (only in the case of this routine).
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2.5.4 1lpx_set_col stat — set (change) column status
Synopsis

#include "glpk.h"
void lpx_set_col_stat(LPX *lp, int j, int stat);

Description The routine 1px_set_col_stat sets (changes) the current status of j-th
column (structural variable) as specified by the parameter stat:

LPX_BS make the column basic;

LPX_NL make the column non-basic;

LPX_NU make the column non-basic and set it to the upper bound; if the column is
not double-bounded, this status is equivalent to LPX_NL (only in the case of
this routine);

LPX_NF the same as LPX_NL (only in the case of this routine);

LPX_NS the same as LPX_NL (only in the case of this routine).
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2.6 Simplex method routine

2.6.1 1lpx simplex — solve LP problem using the simplex method
Synopsis

#include "glpk.h"
int 1lpx_simplex(LPX *1p);

Description The routine 1px_simplex is an interface to an LP problem solver based
on the two-phase revised simplex method.

This routine obtains problem data from the problem object, which the parameter 1p
points to, calls the solver to solve the LP problem, and stores an obtained basic solution
and other relevant information back into the problem object.

Since solving of large-scale problems may take a long time, the solver reports some
information about the current basic solution, which is sent to the standard output. This
information has the following format:

*nnn: objval = xxx  infeas = yyy (ddd)

where: ‘nnn’ is the iteration number, ‘xxx’ is the current value of the objective function
(which is unscaled and has correct sign), ‘yyy’ is the current sum of primal infeasibilities
(which is scaled and therefore may be used for visual estimating only), ‘ddd’ is the current
number of fixed basic variables. If the asterisk ‘*’ precedes to ‘nnn’, the solver is searching
for an optimal solution (phase II), otherwise the solver is searching for a primal feasible
solution (phase I).

Note that the simplex solver currently implemented in GLPK is not perfect. Although
it has been successfully tested on a wide set of LP problems, there are hard problems,
which cannot be solved by the GLPK simplex solver.

Using built-in LP presolver The simplex solver has built-in LP presolver, which is
a subprogram that transforms the original LP problem specified in the problem object
to an equivalent LP problem, which may be easier for solving with the simplex method
than the original one. This is attained mainly due to reducing the problem size and
improving its numeric properties (for example, by removing some inactive constraints or
by fixing some non-basic variables). Once the transformed LP problem has been solved,
the presolver transforms its basic solution back to a corresponding basic solution of the
original problem.

Presolving is an optional feature of the routine lpx_simplex, and by default it is
disabled. In order to enable the LP presolver the user should set the control parameter
LPX_K_PRESOL on (see Subsection 2.11.6, page 54) before calling the routine 1px_simplex.
As a rule presolving is useful when the problem is solved for the first time, and it is not
recommended to use presolving when the problem should be re-optimized.

The presolving procedure is transparent to the API user in the sense that all necessary
processing is performed internally, and a basic solution of the original problem recovered
by the presolver is the same as if it were computed directly, i.e. without presolving.
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Note that the presolver is able to recover only optimal solutions. If a computed solution
is infeasible or non-optimal, the corresponding solution of the original problem cannot be
recovered and therefore remains undefined. If the user needs to know a basic solution even
if it is infeasible or non-optimal, the presolver must be disabled.

Returns If the LP presolver is disabled (the flag LPX_K_PRESOL is off), the routine
lpx_simplex returns one of the following exit codes:

LPX_E_OK

LPX_E_FAULT

LPX_E_O0BJLL

LPX_E_0BJUL

LPX_E_ITLIM

LPX_E_TMLIM

LPX_E_SING

the LP problem has been successfully solved. (Note that, for exam-
ple, if the problem has no feasible solution, this exit code is reported.)
unable to start the search because either the problem has no
rows/columns, or the initial basis is invalid, or the initial basis matrix
is singular or ill-conditioned.

the search was prematurely terminated because the objective func-
tion being maximized has reached its lower limit and continues de-
creasing (the dual simplex only).

the search was prematurely terminated because the objective func-
tion being minimized has reached its upper limit and continues in-
creasing (the dual simplex only).

the search was prematurely terminated because the simplex itera-
tions limit has been exceeded.

the search was prematurely terminated because the time limit has
been exceeded.

the search was prematurely terminated due to the solver failure (the
current basis matrix got singular or ill-conditioned).

If the LP presolver is enabled (the flag LPX_K_PRESOL is on), the routine 1px_simplex
returns one of the following exit codes:

LPX_E_OK
LPX_E_FAULT
LPX_E_NOPFS
LPX_E_NODFS
LPX_E_ITLIM
LPX_E_TMLIB
LPX_E_SING

optimal solution of the LP problem has been found.
the LP problem has no rows and/or columns.

the LP problem has no primal feasible solution.

the LP problem has no dual feasible solution.

same as above.

same as above.

same as above.
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2.7 Basic solution retrieving routines

2.7.1 1px_get_status — retrieve generic status of basic solution
Synopsis

#include "glpk.h"
int lpx_get_status(LPX *1p);

Returns The routine 1px_get_status reports the generic status of the current basic
solution for the specified problem object as follows:

LPX_OPT solution is optimal;

LPX_FEAS solution is feasible;

LPX_INFEAS solution is infeasible

LPX_NOFEAS problem has no feasible solution;

LPX_UNBND  problem has unbounded solution;

LPX_UNDEF  solution is undefined.

More detailed information about the status of basic solution can be retrieved using
the routines 1px_get_prim_stat and lpx_get_dual_stat.

2.7.2 1lpx_get prim stat — retrieve primal status of basic solution
Synopsis

#include "glpk.h"
int lpx_get_prim_stat(LPX *1p);

Returns The routine 1px_get_prim_stat reports the primal status of the basic solution
for the specified problem object as follows:

LPX_P_UNDEF  primal solution is undefined;

LPX_P_FEAS solution is primal feasible;

LPX_P_INFEAS solution is primal infeasible;

LPX_P_NOFEAS no primal feasible solution exists.

2.7.3 1lpx_get_dual_stat — retrieve dual status of basic solution
Synopsis

#include "glpk.h"
int lpx_get_dual_stat(LPX *1p);

Returns The routine 1px_get_dual_stat reports the dual status of the basic solution
for the specified problem object as follows:

LPX_D_UNDEF  dual solution is undefined;

LPX_D_FEAS solution is dual feasible;

LPX_D_INFEAS solution is dual infeasible;

LPX_D_NOFEAS no dual feasible solution exists.
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2.7.4 1lpx_get obj_val — retrieve objective value

Synopsis

#include "glpk.h"
double lpx_get_obj_val(LPX x1p);

Returns The routine 1px_get_obj_val returns current value of the objective function.

2.7.5 1lpx_get row_stat — retrieve row status

Synopsis

#include "glpk.h"
int 1lpx_get_row_stat(LPX *lp, int i);

Returns The routine 1px_get_row_stat returns current status assigned to the auxiliary

variable associated with i-th row as follows:
LPX_BS basic variable;

LPX_NL non-basic variable on its lower bound;
LPX_NU non-basic variable on its upper bound;
LPX_NF non-basic free (unbounded) variable;
LPX_NS non-basic fixed variable.

2.7.6 1lpx_get row prim — retrieve row primal value

Synopsis

#include "glpk.h"
double 1lpx_get_row_prim(LPX *lp, int i);

Returns The routine 1px_get_row_prim returns primal value of the auxiliary variable
associated with i-th row.

2.7.7 1lpx_get_row.dual — retrieve row dual value

Synopsis

#include "glpk.h"
double 1lpx_get_row_dual(LPX *lp, int i);

Returns The routine 1px_get_row_dual returns dual value (i.e. reduced cost) of the
auxiliary variable associated with i-th row.
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2.7.8 1lpx_get_col_stat — retrieve column status

Synopsis

#include "glpk.h"
int 1lpx_get_col_stat(LPX *1lp, int j);

Returns The routine lpx_get_col_stat returns current status assigned to the struc-
tural variable associated with j-th column as follows:

LPX_BS basic variable;

LPX_NL non-basic variable on its lower bound;

LPX_NU non-basic variable on its upper bound;

LPX_NF non-basic free (unbounded) variable;

LPX_NS non-basic fixed variable.

2.7.9 1lpx get_col prim — retrieve column primal value

Synopsis

#include "glpk.h"
double lpx_get_col_prim(LPX *1lp, int j);

Returns The routine 1px_get_col_prim returns primal value of the structural variable
associated with j-th column.

2.7.10 1lpx_get_col dual — retrieve column dual value

Synopsis

#include "glpk.h"
double lpx_get_col_dual(LPX *1lp, int j);

Returns The routine 1px_get_col_dual returns dual value (i.e. reduced cost) of the
structural variable associated with j-th column.

2.7.11 1lpx_get_ray_ info — retrieve non-basic variable which causes un-
boundness

Synopsis

#include "glpk.h"
int lpx_get_ray_info(LPX *1p);
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Returns The routine 1lpx_get_ray_info returns the number k of some non-basic vari-
able xj, which causes primal unboundness. If such a variable cannot be identified, the
routine returns zero.

If 1 <k <m, xy is k-th auxiliary variable, and if m+1 < k < m+n, z is (k —m)-th
structural variable, where m is the number of rows, n is the number of columns in the
specified problem object.

“Unboundness” means that the variable xj, is non-basic and able to infinitely change
in a feasible direction improving the objective function.

2.7.12 1lpx_check kkt — check Karush-Kuhn-Tucker conditions

Synopsis

#include "glpk.h"
void lpx_check_kkt(LPX *1p, int scaled, LPXKKT *kkt);

Description The routine 1px_check_kkt checks Karush-Kuhn-Tucker optimality con-
ditions for basic solution. It is assumed that both primal and dual components of basic
solution are valid.

If the parameter scaled is zero, the optimality conditions are checked for the original,
unscaled LP problem. Otherwise, if the parameter scaled is non-zero, the routine checks
the conditions for an internally scaled LP problem.

The parameter kkt is a pointer to the structure LPXKKT, to which the routine stores
the results of checking. Members of this structure are shown in the table below.

Condition | Member Comment

(KKT.PE) | pe_ae_max | Largest absolute error
pe_ae_row | Number of row with largest absolute error
pe_re_max | Largest relative error
pe_re_row | Number of row with largest relative error
pe_quality | Quality of primal solution

(KKT.PB) | pb_ae_max | Largest absolute error
pb_ae_ind | Number of variable with largest absolute error
pb_re_max | Largest relative error
pb_re_ind | Number of variable with largest relative error
pb_quality | Quality of primal feasibility

(KKT.DE) | de_ae_max | Largest absolute error
de_ae_col | Number of column with largest absolute error
de_re_max | Largest relative error
de_re_col | Number of column with largest relative error
de_quality | Quality of dual solution

(KKT.DB) | db_ae_max | Largest absolute error
db_ae_ind | Number of variable with largest absolute error
db_re_max | Largest relative error
db_re_ind | Number of variable with largest relative error
db_quality | Quality of dual feasibility

The routine performs all computations using only components of the given LP problem
and the current basic solution.
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Background The first condition checked by the routine is:
xr — Azg =0, (KKT.PE)

where xp is the subvector of auxiliary variables (rows), xg is the subvector of structural
variables (columns), A is the constraint matrix. This condition expresses the requirement
that all primal variables must satisfy to the system of equality constraints of the original
LP problem. In case of exact arithmetic this condition would be satisfied for any basic
solution; however, in case of inexact (floating-point) arithmetic, this condition shows how
accurate the primal basic solution is, that depends on accuracy of a representation of the
basis matrix used by the simplex method routines.

The second condition checked by the routine is:

Iy <zp<wug forallk=1,...,m+n, (KKT.PB)

where zy is auxiliary (1 < k < m) or structural (m + 1 < k < m + n) variable, [ and
uy, are, respectively, lower and upper bounds of the variable zj, (including cases of infinite
bounds). This condition expresses the requirement that all primal variables must satisfy
to bound constraints of the original LP problem. Since in case of basic solution all non-
basic variables are placed on their bounds, actually the condition (KKT.PB) needs to be
checked for basic variables only. If the primal basic solution has sufficient accuracy, this
condition shows primal feasibility of the solution.

The third condition checked by the routine is:

grad Z =c= (A)TTF +d,
where Z is the objective function, ¢ is the vector of objective coeflicients, (A) is a matrix
transposed to the expanded constraint matrix A = (I| — A), 7 is a vector of Lagrange
multipliers that correspond to equality constraints of the original LP problem, d is a
vector of Lagrange multipliers that correspond to bound constraints for all (auxiliary
and structural) variables of the original LP problem. Geometrically the third condition
expresses the requirement that the gradient of the objective function must belong to
the orthogonal complement of a linear subspace defined by the equality and active bound
constraints, i.e. that the gradient must be a linear combination of normals to the constraint
planes, where Lagrange multipliers m and d are coefficients of that linear combination.
To eliminate the vector 7 the third condition can be rewritten as:

()= )+ ()

T+ dr = CR,
—ATr +dg = cg.

T

or, equivalently:

Then substituting the vector 7 from the first equation into the second one we have:
AT(dg — cr) + (ds — ¢5) = 0, (KKT.DE)

where dp is the subvector of reduced costs of auxiliary variables (rows), dg is the subvector
of reduced costs of structural variables (columns), cg and cg are subvectors of objective
coefficients at, respectively, auxiliary and structural variables, AT is a matrix transposed
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to the constraint matrix of the original LP problem. In case of exact arithmetic this con-

dition would be satisfied for any basic solution; however, in case of inexact (floating-point)

arithmetic, this condition shows how accurate the dual basic solution is, that depends on

accuracy of a representation of the basis matrix used by the simplex method routines.
The last, fourth condition checked by the routine is:

di, =0, if x;, is basic or free non-basic variable
0 < di < 400 if z is non-basic on its lower (minimization)
or upper (maximization) bound

—o00 < di <0 if xj, is non-basic on its upper (minimization) (KKT.DB)
or lower (maximization) bound
—00 < dj, < 400 if x; is non-basic fixed variable
for all k = 1,...,m + n, where dj is a reduced cost (Lagrange multiplier) of auxiliary

(1 <k <m) or structural (m + 1 < k < m + n) variable x;. Geometrically this condition
expresses the requirement that constraints of the original problem must ”hold” the point
preventing its movement along the anti-gradient (in case of minimization) or the gradient
(in case of maximization) of the objective function. Since in case of basic solution re-
duced costs of all basic variables are placed on their (zero) bounds, actually the condition
(KKT.DB) needs to be checked for non-basic variables only. If the dual basic solution has
sufficient accuracy, this condition shows dual feasibility of the solution.

Should note that the complete set of Karush-Kuhn-Tucker optimality conditions also
includes the fifth, so called complementary slackness condition, which expresses the re-
quirement that at least either a primal variable x; or its dual counterpart d; must be on
its bound for all K = 1,...,m + n. However, being always satisfied by definition for any
basic solution that condition is not checked by the routine.

To check the first condition (KKT.PE) the routine computes a vector of residuals:

g:xR_A:USa

determines component of this vector that correspond to largest absolute and relative errors:

e_ae_maxXx — max 4
p max. |94,

|9i]
max — ———,
1<i<m 1+ |(zR)|
and stores these quantities and corresponding row indices to the structure LPXKKT.
To check the second condition (KKT.PB) the routine computes a vector of residuals:

pe_re_max =

0, if Iy <@ < uy
hy = xp — g, if zp < g
Tp — ug, if xp > ug

for all k =1,...,m + n, determines components of this vector that correspond to largest
absolute and relative errors:

b = h
pb_ae_max 1§§gn§%;}f+n | s

_ ||
pb_re_max = max -———,
1<k<m4n 1+ |xk|

and stores these quantities and corresponding variable indices to the structure LPXKKT.
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To check the third condition (KKT.DE) the routine computes a vector of residuals:
u=AT(dg — cg) + (ds — cs),

determines components of this vector that correspond to largest absolute and relative
erTors:

de_ae_max = max |u;l,
1<j<n

|uj]
de_re_max = max ,
1<j<n 14 (ds); — (cs);l

and stores these quantities and corresponding column indices to the structure LPXKKT.
To check the fourth condition (KKT.DB) the routine computes a vector of residuals:

o — 0, if dj has correct sign
¥\ dg, if dj, has wrong sign

for all k =1,...,m + n, determines components of this vector that correspond to largest
absolute and relative errors:

db_ae_max = max |vgl,
1<k<m+4n

_ |0 |
db_re_max = max —— ——

1<k<mtn 1+ |dg — ¢’

and stores these quantities and corresponding variable indices to the structure LPXKKT.

Using the relative errors for all the four conditions the routine 1px_check_kkt also
estimates a "quality” of the basic solution from the standpoint of these conditions and
stores corresponding quality indicators to the structure LPXKKT:

pe_quality — quality of primal solution;

pb_quality — quality of primal feasibility;

de_quality — quality of dual solution;

db_quality — quality of dual feasibility.

Each of these indicators is assigned to one of the following four values:

’H’ means high quality,

’M’ means medium quality,

’L° means low quality, or

72 means wrong or infeasible solution.

If all the indicators show high or medium quality (for an internally scaled LP problem,
i.e. when the parameter scaled in a call to the routine 1px_check_kkt is non-zero), the
user can be sure that the obtained basic solution is quite accurate.

If some of the indicators show low quality, the solution can still be considered as
relevant, though an additional analysis is needed depending on which indicator shows low
quality.

If the indicator pe_quality is assigned to ’7’, the primal solution is wrong. If the
indicator de_quality is assigned to ’7’, the dual solution is wrong.

If the indicator db_quality is assigned to ’7’ while other indicators show a good
quality, this means that the current basic solution being primal feasible is not dual feasible.
Similarly, if the indicator pb_quality is assigned to ’7’ while other indicators are not,
this means that the current basic solution being dual feasible is not primal feasible.
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2.8 LP basis and simplex table routines

2.8.1 1lpx.warmup — “warm up” LP basis
Synopsis

#include "glpk.h"
int lpx_warm_up(LPX *1p);

Description The routine 1px_warm_up “warms up”’ the LP basis for the specified prob-
lem object using current statuses assigned to rows and columns (i.e. to auxiliary and
structural variables).

“Warming up” includes reinverting (factorizing) the basis matrix (if neccesary), com-
puting primal and dual components as well as determining primal and dual statuses of
the basic solution.

Returns The routine 1px_warm_up returns one of the following exit codes:

LPX_E_OK the LP basis has been successfully “warmed up”.
LPX_E_EMPTY  the problem has no rows and/or no columns.
LPX_E_BADB the LP basis is invalid, because the number of basic variables is not
the same as the number of rows.
LPX_E_SING the basis matrix is numerically singular or ill-conditioned.
2.8.2 1lpx eval tab row — compute row of the simplex table
Synopsis

#include "glpk.h"
int 1lpx_eval_tab_row(LPX *lp, int k, int ind[], double val[l);

Description The routine lpx_eval_tab_row computes a row of the current simplex
table for the basic variable, which is specified by the number k: if 1 < k < m, x is k-th
auxiliary variable; if m +1 < k < m + n, xj is (k — m)-th structural variable, where m is
the number of rows, n is the number of columns. The current basis must be available.

The routine stores column indices and numerical values of non-zero elements of the
computed row in sparse format to locations ind[1], ..., ind[len] and vall[1l], ...,
val[len], respectively, where 0 < len < n is the number of non-zeros returned on exit.

Element indices stored in the array ind have the same sense as the index k, i.e. indices
1 to m denote auxiliary variables and indices m + 1 to m + n denote structural ones (all
these variables are non-basic by definition).

The computed row shows how the specified basic variable z; = (zp); depends on
non-basic variables:

(xB)i = an(zn)1 + aiz(zn)2 + . .. + Qin(ZN)n,

where «;; are elements of the simplex table row, (xy); are non-basic (auxiliary and struc-
tural) variables.



41

Returns The routine lpx_eval_tab_row returns the number of non-zero elements in
the simplex table row stored in the arrays ind and val.

2.8.3 1lpx_eval _tab_col — compute column of the simplex table
Synopsis

#include "glpk.h"
int lpx_eval_tab_col(LPX *1lp, int k, int ind[], double valll);

Description The routine 1px_eval_tab_col computes a column of the current simplex
table for the non-basic variable, which is specified by the number k: if 1 < k < m, xy, is
k-th auxiliary variable; if m +1 < k < m + n, x is (k — m)-th structural variable, where
m is the number of rows, n is the number of columns. The current basis must be valid.

The routine stores row indices and numerical values of non-zero elements of the com-
puted column in sparse format to locations ind[1], ..., ind[len] and vall1], ...,
val[len], respectively, where 0 < len < m is the number of non-zeros returned on
exit.

Element indices stored in the array ind have the same sense as the index k, i.e. indices
1 to m denote auxiliary variables and indices m + 1 to m + n denote structural ones (all
these variables are basic by definition).

The computed column shows how the basic variables depend on the specified non-basic
variable z3, = (zn);:

(.fL'B)l :...+a1j(xN)j+..
(LBB)Q :...+042j(56]\/)j+..
(zB)m :+amj(xN)j + ...

where o;; are elements of the simplex table column, (xpg); are basic (auxiliary and struc-
tural) variables.

Returns The routine lpx_eval_tab_col returns the number of non-zero elements in
the simplex table column stored in the arrays ndx and val.

2.8.4 1lpx transform row — transform explicitly specified row
Synopsis

#include "glpk.h"

int 1lpx_transform_row(LPX *1p, int len, int ind[], double valll);

Description The routine 1px_transform_row performs the same operation as the rou-
tine 1px_eval_tab_row, except that the transformed row is specified explicitly.
The explicitly specified row may be thought as a linear form:

T =a1Tma1 + @2Tmio + ...+ GnTmin, (1)

where z is an auxiliary variable for this row, a; are coefficients of the linear form, x,,;
are structural variables.
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On entry column indices and numerical values of non-zero coefficients a; of the
transformed row should be placed in locations ind[1], ..., ind[len] and vall[1], ...,
val[len], where len is number of non-zero coefficients.

This routine uses the system of equality constraints and the current basis in order
to express the auxiliary variable x in (1) through the current non-basic variables (as if
the transformed row were added to the problem object and the auxiliary variable x were
basic), i.e. the resultant row has the form:

r=o(xn)1 +o2(zn)2 + ...+ (TN )n, (2)

where o are influence coefficients, (zx); are non-basic (auxiliary and structural) variables,
n is number of columns in the specified problem object.

On exit the routine stores indices and numerical values of non-zero coefficients o; of
the resultant row (2) in locations ind[1], ..., ind[len’] and val[1], ..., val[len’],
where 0 < len’ < n is the number of non-zero coefficients in the resultant row returned by
the routine. Note that indices of non-basic variables stored in the array ind correspond to
original ordinal numbers of variables: indices 1 to m mean auxiliary variables and indices
m + 1 to m + n mean structural ones.

Returns The routine 1px_transform_row returns len’, the number of non-zero coeffi-
cients in the resultant row stored in the arrays ind and val.

2.8.5 1lpx_ transform col — transform explicitly specified column
Synopsis

#include "glpk.h"
int lpx_transform_col(LPX *lp, int len, int ind[], double vall[l);

Description The routine 1px_transform_col performs the same operation as the rou-
tine 1px_eval_tab_col, except that the transformed column is specified explicitly.

The explicitly specified column may be thought as it were added to the original system
of equality constraints:

Tl = a11Tm+1 + ...+ QpnTm+n + G1T
Ty = 021Tm+1 + ...+ @2nTmn + a2T (1)
Tm = @mlTm+l + -+ GmnTmtn T OmT

where z; are auxiliary variables, x,,,; are structural variables (presented in the problem
object), = is a structural variable for the explicitly specified column, a; are constraint
coefficients for x.

On entry row indices and numerical values of non-zero coefficients a; of the transformed
column should be placed in locations ind[1], ..., ind[1len] and val[1], ..., val[len],
where len is number of non-zero coefficients.

This routine uses the system of equality constraints and the current basis in order
to express the current basic variables through the structural variable = in (1) (as if the
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transformed column were added to the problem object and the variable x were non-basic):

(mB)l =...+ox
T @
(xB)m =...+apz

where «; are influence coefficients, xp are basic (auxiliary and structural) variables, m is
number of rows in the specified problem object.

On exit the routine stores indices and numerical values of non-zero coefficients oy of
the resultant column (2) in locations ind[1], ..., ind[len’] and val[1], ..., val[len’],
where 0 < len’ < m is the number of non-zero coefficients in the resultant column returned
by the routine. Note that indices of basic variables stored in the array ind correspond to
original ordinal numbers of variables, i.e. indices 1 to m mean auxiliary variables, indices
m + 1 to m + n mean structural ones.

Returns The routine 1px_transform_col returns len’, the number of non-zero coeffi-
cients in the resultant column stored in the arrays ind and val.

2.8.6 lpx prim ratio test — perform primal ratio test
Synopsis

#include "glpk.h"
int lpx_prim_ratio_test(LPX *lp, int len, int ind[], double vall[],
int how, double tol);

Description The routine lpx_prim_ratio_test performs the primal ratio test for an
explicitly specified column of the simplex table.

The primal basic solution associated with an LP problem object, which the parameter
1p points to, should be feasible. No components of the LP problem object are changed by
the routine.

The explicitly specified column of the simplex table shows how the basic variables x g
depend on some non-basic variable y (which is not necessarily presented in the problem
object):

()1 =...+ay
o »
(B)m =...+any

The column (1) is specifed on entry to the routine using the sparse format. Ordinal
numbers of basic variables (xp); should be placed in locations ind[1], ..., ind[len],
where ordinal number 1 to m denote auxiliary variables, and ordinal numbers m + 1 to
m + n denote structural variables. The corresponding non-zero coefficients a; should be
placed in locations val[1], ..., val[len]. The arrays ind and val are not changed by
the routine.

The parameter how specifies in which direction the v